i.e., F1(hkl) = f12ri(hxi + kyi + 1z1)
If a second atom is located in a second crystal, a similar expression is used, and so on for the third, fourth, etc. Now, if all these atoms 1, 2, 3 ... f,e-22i(hxi + kyi) + f2e-2xi(hx2 + ky2) + f3e-2wi(hxs + kys) = Fh,%k. The addition of atoms to form a structure. (The fact that single atoms may be made equivalent by a shift of origin is being ignored here.)
were crowded into the same crystal at their respective positions, x1yizl, x2y2z2, x3ySz3 ..., the final structure factor of the composite crystal is the sum of the structure factors of the separate cells as illustrated in figure 1. The two facts described in the last paragraph ( (1) A process for getting Patterson structures by inflating the atoms in real structures and then adding. (Note that although the equation is in one dimension and thefigures are in two dimensions, the principle applies to three dimensions.) structure factor must be multiplied by an exponential function of the distance and direction of translation, and (2) that the structure factor of a crystal containing many configurations is the simple sum of the structure factors of the separate configurations) would be trivial if they were confined to atomic configurations only. However, these two facts are general and apply to the translation and congestion of molecules, groups of molecules or entire cell contents.
The Concept of the "Squared" Crystal.-If, for example, each atom in the final configuration of three atoms 1, 2 and 3 as shown in figure 1 is inflated, so to speak, so that their respective structure factors are fifi, fif2 and fif3, then we have a configuration of "squared" atoms, and the crystal structure factor is flFhkl. Then if this configuration of squared atoms is translated so that atom 1 is at the origin (see Fig. 2 ), the new crystal structure of translated squared atoms is
ffollF 12e-t2wi h(xi -xi) + fonf2 IFt 12e-i h(x -xi) +tff3 jFh 12e-2ri h(xn xietc. lhIFh 14 FIGURE 3 Indicating the manner of producing a quadrupled structure from squared structures.
To get a "squared" crystal this process must be repeated as many times as there are atoms, n, in the original structure and all the translated structures collected, without distortion, into one cell. Using this concept, there are n terms in the "squared" crystal structure factor, and, as has been shown by Patterson,' the structure factor of the squared crystal is |Fhk 2I tftF(hkl)e -(xt + kyt + lzt) = F(kkl) F*(hkl) = Fk Extensions Beyond Squared Structures.-If each of the squared atoms in the squared structure is inflated so that its new scattering factor is increased by a factor fjf and translated so that the "atom" rs is at the origin then we have a squared structure of "quadrupled" atoms. Repeating this process (as shown in Fig. 3 ) as many times as there are squared atoms produces a "quadrupled" structure or a quadrupled crystal, and if it were to exist it would scatter x-rays with an amplitude, jF(hkl)| 4. The other crys-117 VOL. 37, 1951 tals such as the tripled crystal will not be discussed here because they do not give fruitful results. In fact, it will be shown that there is no advantage in completing the process of generating a quadrupled crystal because the results desired are found before completion.
A Convenient Symbolism for Treating Structures and Structure Factors.-Let the n atoms in a crystal be numbered serially 1, 2, 3, . .. j ... n, their positions be designated xjyjz; and their atomic structure factors be fj. If it is assumed that the knowledge of the serial number of an atom implies a knowledge of its position and scattering factor, then we can abbreviate our treatment considerably. For example, a structure comprising three atoms is simply represented by 2. 3   TABLE 1 11 (11) 12(11) 13(11) 11 (12) 12 (12) 13 (12) 11 (13) 12 (13) 13 (13) 21 (11) 22 (11) 23 (11) 21 (12) 22 (12) 23 (12) 21 (13) 22 (13) 23 (13) 31 (11) 32 (11) 33 (11) 31 (12) 32 (12) 33 (12) 31 (13) 32 (13) 33 (13) 11 (21) 12 (21) 13 (21) 11 (22) 12 (22) 13 (22) 11 (23) 12 (23) 13 (23) 21(21) 22(21) 23(21) 21 (22) 22 (22) 23 (22) 21 (23) If an atom j is inflated so that its scattering factor is increased by the factor f, the new scattering factor is fjft; and if also the atom j is translated a distance xj -xg, yj -Yt, Zj -Zg, then the symbol jt may be used to express both the inflation and the translation. For example, if the entire structure of three atoms 1, 2, and 3 is translated so that atom 1 is at the origin (see Fig. 2 ) and inflated byfi then the new structure is represented by 11 (12) 12 (12) 13 (12) 21 (12) 22 (12) 23(12) . 31 (12) 32 (12) 33 (12) The continuation of this symbolism to represent a quadrupled structure is shown in The Coincidences in Structures.-We notice that a structure of three atoms produces 9 terms in the table of the squared structure and 81 terms in the table of the quadrupled structure. In general, the number of terms in an m-fold structure is nm, if there are n atoms in the original structure. The squared structure has n coincidences at the origin as represented by the zeros along the diagonal of its table of numbers. The quadrupled structure of three atoms has 15 coincidences at the origin (see table 2) or in general 2n2 -n coincidences. Also in the quadrupled structure there are n(n -1) non-zero positions of coincidence and each of these occur n2 + n -1 times, thus producing a Patterson structure of exaggerated atoms as a part of the quadrupled structure.
It is of more value to consider less than an entire quadrupled structure. Let us consider just the coincidences in the first two groups of table 2, as shown in table 3. N~~~~~~~~~~~~~Ĩ Fh 12e-2wri h(xi -Xi) + IFh 12e-2wi h/(X -X2) = IFh 12(1 -e-2W h(xi -x2)) FIGURE 4 The addition of two Patterson structures to produce coincidences.
The coincidences in table 3 are 0, 21, 31 and 23, and may be shown (see Fig. 4 ) to be the configuration of the original structure and its inversion as follows: From figure 4 it may be seen that 0 and 21 are the common points of the structure 1 2 3 and its inversion 123. The coincidences are 2n -2 in number. FIGURE 5B
FIGURE 5A. The Fourier projection of hexamethylene-diamine di-hydrobromide by the addition method.
FIGURE 5B. The theoretical projection of hexamethylene di-hydrobromide. Notice how the noncoincident peaks are related to the background in Figure 5A . A careful consideration of results obtained in a large number of representative studies leads to the conclusion that there is no single "generalized" learning function, no "true" curve of learning or performance. Presumably, the different curves presented by different investigators have not been segments or incomplete parts of some "true" function, but instead, have each reflected the course of learning as determined by many different factors, some of them inseparable from the learning process itself.
McGeoch,I in his exhaustive treatment of human learning, lists and discusses six principal determiners of curve-form. They are:
